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Non-neutral plasmas can be confined for long times in electromagnetic traps. Adiabatic cooling of such
plasmas can be achieved by slowly decreasing the effective trap stiffness and letting the plasma occupy a larger
volume. Here, we propose an optimal control strategy to cool an antiproton plasma in a time much shorter
than that required by an adiabatic process. The optimal cooling protocol is found by minimizing an appropriate
cost functional that measures the distance of the system from the desired “cold” state, while keeping the stiffness
amplitude within prescribed limits. The proposed optimal protocol is shown to outperform other expansion-based
cooling methods in terms of stability of the plasma, duration of the process, and volume occupied by the final

plasma.
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I. INTRODUCTION

The study of non-neutral plasmas has gained significant
attention in recent decades [1,2], due to the fact that highly
precise benchtop experiments can be conducted to investigate
their intrinsic properties. Non-neutral plasmas can be con-
fined for considerably longer periods of time than quasineutral
plasmas, and they can be cooled to lower temperatures with
greater ease. These properties make them ideal candidates for
studies in fundamental physics, ranging from turbulence and
nonlinear dynamics to antimatter physics [3]. The confine-
ment of non-neutral plasmas is typically achieved through the
use of cylindrical traps, which employ an axial magnetic field
to ensure radial confinement, while the axial confinement is
provided by a set of electrodes [4].

The creation and confinement of non-neutral plasmas con-
sisting of antimatter particles (e.g., antiprotons) represents a
significant challenge for the production of substantial quanti-
ties of neutral antihydrogen atoms H. Significant progress has
been made in this field through the efforts of several interna-
tional collaborations [5—7]. The objective of this recent and
promising research is to compare the physical properties of
matter and antimatter, e.g., the spectral lines of antihydrogen,
or its response to gravitational fields [5,8,9].

For these purposes, it is first necessary to cool down the
positrons and antiprotons to sufficiently low energies, so that
they can combine to form neutral H atoms. A variety of
techniques may be employed to implement antiproton and
positron cooling. These include the use of Coulomb collisions
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with cold electrons [10], evaporative cooling [11], cyclotron
radiation [12], and adiabatic cooling [6,13]. Each technique
has its own advantages and drawbacks. For instance, during
evaporative cooling, the majority of charged particles are
lost, resulting in a lower density. Conversely, using adiabatic
cooling techniques, Gabrielse et al. [6] were able to cool
down 3 x 10 antiprotons to approximately 3 K with minimal
losses.

Adiabatic cooling is achieved by slowly decreasing the
trap frequency w(f) of a non-neutral plasma in an approx-
imately one-dimensional (1D) harmonic well, Ugqp(x, 1) =
ma?(t)x?/2 [14]. Adiabaticity requires that the frequency
varies little during one oscillation, i.e., |@(f)| K w*(t). If the
process is not slow enough, the plasma displays unwanted
oscillations around the cold target equilibrium. However,
achieving fast cooling is often a crucial experimental require-
ment, for instance when the charged particles are accumulated
by bunches, and each bunch needs to be cooled before the
arrival of the next [15].

The purpose of this work is to propose an alternative
technique, based on optimal control theory, which brings the
plasma from a high-temperature to a low-temperature state in
a time much shorter than that required by the adiabaticity con-
dition, while keeping the spurious oscillations to a very low
level. Similar control techniques have recently been exploited
in atomic, molecular, and solid-state physics, where they are
known as “shortcuts to adiabaticity” [16]. Optimal control
theory offers a potent mathematical framework to optimize the
control parameters (in our case, the trap frequency) in order to
achieve a desired outcome (the cooling) [17,18]. The optimal
control problem is formulated by defining a cost function
that describes the desired outcome and the cost attached to
the control [19]. By introducing Lagrange multipliers in the
form of adjoint variables, the cost function and system con-
straints are combined into a single Lagrangian, leading to the
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Euler-Lagrange equations that provide the required conditions
for optimal control [20,21].

II. PLASMA KINETIC MODEL

We consider a system of charged particles confined in
a 1D harmonic potential well, where x represents the axial
(longitudinal) direction of the cylindrical trap. Their dynamics
is governed by the Vlasov-Poisson equations
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where E (x, t) is the longitudinal self-consistent electric field,
o, is the two-dimensional (2D) particle density in the trans-
verse plane, and p(x,t) = ff(x, v,t)dv is the 1D density
along x. Here, we focus on proton or antiproton plasmas,
with electric charge ¢ = Fe and mass m = mp. We also de-
fine the stiffness of the harmonic trap as k() = me*(t). The
transverse trap frequency w, /27 = eB,/(2nm) ~ 100 MHz
(generated by an axial magnetic field B, ~ 3T [6]) is
much larger than the longitudinal trap frequency w/2mw =~
200 kHz, which is generated via a series of biased
electrodes.

In antiproton cooling experiments, the main effect of col-
lisions is to drive the system toward energy equipartition
between the parallel and perpendicular motion [13]. There-
fore, we added a Bhatnagar-Gross-Krook (BGK) relaxation
term [22] on the right-hand side of Eq. (1):
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where u(x,t) = ffvdv/p is the mean velocity and T (t)
is the perpendicular temperature, which obeys the relaxation
equation
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where v is the collision frequency and kgT)(t) =
mff(O, v, )v’dv/p(0,t) is the parallel temperature at the
center of the plasma, taken as a reference value. Note that the
parallel temperature profile remains almost uniform along the
evolution, as shown in Appendix D 2. A factor of 1/2 appears
in Eq. (4) because the perpendicular motion is associated with
two degrees of freedom. The total temperature is defined as
T = 1T) + 3T.. The above BGK term induces the relaxation
of the parallel temperature toward the perpendicular one—
which acts as an effective external bath—on a timescale of the
order of UCOH Over long times, all temperatures converge to
the same value 7| = T = T, signaling thermal equilibrium.

Hence, although the expansion is 1D in the longitudinal
coordinate, the collisions are intrinsically three dimensional
(3D). Space-charge effects in the transverse plane are ne-
glected, as they are largely dominated by longitudinal effects
in the direction of the expansion. We emphasize that this
model has been shown to quantitatively reproduce the results
of adiabatic cooling experiments on antiprotons [13].

If the trap frequency w(r) decreases in time, the plasma
will undergo an expansion, leading to some cooling effect. In
the experiments, the trap stiffness is usually varied as a linear
ramp. However, using this procedure, the plasma will experi-
ence residual oscillations after the frequency has leveled off at
its final value. Only if the ramp is infinitely long in time will
the oscillations disappear: this is the case of adiabatic cooling,
which has been shown to work in practice, but requires times
that are much longer than the inverse of the trap frequency [6].

The purpose of this work is to bring the plasma from an
initial thermal equilibrium with temperature Tin; to a final
equilibrium with temperature Ty, by decreasing the trap stiff-
ness from ki to x5,. The optimization procedure will ensure
that this is done in a finite time, much shorter than the time
required for adiabatic cooling.

By using normalized variables, it is easy to show that the
plasma evolution is characterized by only three dimensionless
parameters (see Appendix A): (i) the ratio of the final to the
initial temperature Tg,/Tinie, (i1) the ratio of the final to the
initial stiffness «gy /Kinit, and (iii) the parameter

2
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where N, = [ pdx is the number of 1D particles (indeed,
charged sheets of perpendicular density o), and w, is
the plasma frequency. When 1 < 1, the trap confinement
dominates, whereas when 1 >> 1 the Coulomb repulsion dom-
inates. Note that, in the former case (dilute plasma), the
equilibrium density is almost Gaussian, whereas for large
values of n the density is flat inside the trap. For many
experimental situations, the Coulomb repulsion and trap con-
finement are of the same order of magnitude, so that n > 1.

III. OPTIMAL CONTROL AND SIMULATION METHODS

The optimal control method is formulated by defining a
suitable cost function J that represents the desired target of the
procedure (here, the low-temperature equilibrium state) and
the cost incurred in reaching such a target state:

1
I =5 / 1f(z, tp) — frre(@)I*dz
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where z = (x, v), Q is the integration domain in the phase
space, t, is the duration of the protocol, and fi,g(z) is the
desired target state. By minimizing J, the first term in Eq. (6)
enforces the final distribution function to be close to the target,
the second term prevents the control «(¢) from deviating too
strongly from its desired final value, and the third term penal-
izes large variations in the control. The parameters o;» > 0
act as weights for the control terms: the larger they are, the
more stringent the two constraints. Here, we take oy = 1074,
which is a compromise between computational speed and
accuracy in reaching the target state, and o, = 0.1, a choice
that prevents large gradients in the control. The impact of
these parameters is further explored in Appendix D 3.

dKU)
dt

dt,
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Next, we define the Lagrange functional

E(va’q)=J(va)+‘/(;p‘/;z(atf(Zat)
+ L. f(z,1))q(z, t)dzdt, 7

where ¢(z,t) is a Lagrange multiplier and L, = vd, —
%[K(t)x =+ ¢F]0, is the phase-space advection operator. Tak-
ing the gradients of L(f, k, g) with respect to its arguments
generates the three fundamental equations that govern the
optimization problem. Specifically, V,£ = 0 yields back the
Vlasov-Poisson system (1) and (2), V¢£ = 0 yields the ad-
joint equation for g(z, t), and V, L = 0 yields the gradient (or
Euler-Lagrange) equation for the control parameter « (¢).

To find the optimal solution, we use an iterative gradient-
based optimization method [21,23]. Starting from an initial
guess k() of the control, we iteratively execute the following
steps: (i) Solve the Vlasov-Poisson system (1) and (2) to
obtain f(z,t); (ii) using this f, solve the adjoint equation for
q(z,t) backward in time; (iii) given f and its adjoint ¢, as-
semble the gradient equation and update the control using a
backtracking scheme in the direction of the negative gradient.
This loop is stopped when a termination criterion is reached,
for example, if the norm of the gradient is smaller than some
given threshold. A detailed description of the optimization
strategy is given in Appendix B.

The Vlasov-Poisson equations (1) and (2) are solved with
a 1D particle-in-cell (PIC) method adapted to the adjoint
equation. The time-stepping is performed using a second-
order velocity-Verlet scheme [24]. The collisional term is
implemented at each time step by sampling the velocities of
Neoll = 2veon AtN,, particles from the equilibrium distribution
appearing in Eq. (3) (see Appendix C). In the forthcom-
ing simulations, we use N, = 10%, time step wini At = 0.25,
and phase-space resolution Ax = 0.5¢, Av = 0.5 vy, where

Vih = ~/kpTinic/m and £ = vy, / Winis.-

IV. NUMERICAL RESULTS

We simulate an (anti)proton plasma with the following
initial parameters: 3D density p3p = 4.7 x 10> m~3, initial
temperature Tipy = 2.7 meV = 31 K, initial trap frequency
winit/2m = 200 kHz. These are standard values for trapped
nonneutral plasmas [6,25]. The final target state is character-
ized by Tqn = 0.1T; and kg, = 0.01 5. With these values,
Eq. (5) yields n & 2.27, meaning that the Coulomb repulsion
and the trap confinement are of similar strength. The initial
and final states are computed by solving self-consistently the
stationary Vlasov-Poisson equations (1) and (2) and assuming
Maxwell-Boltzmann distributions with temperatures 7;(0) =
T1(0) = Tini and T (ty) = T1.(ty) = Thn.

The unmagnetized collision frequency is roughly v, =
2kgT /m p3p b?, where b= ez/(2n£0kBT) is the distance
of closest approach [13]. This yields, in our case, an initial
collision time V;oh = 0.26 ms, corresponding to Veop/®@init =
0.003. However, as the temperature drops by a factor of ap-
proximately 5 (see Fig. 1), the collision frequency increases
by a factor of approximatley 10 (because vy ~ 7~/2). On
the other hand, the confining magnetic field has the op-
posite effect of reducing the collision rate by a factor of

1 7W :I:H/?J\.ini(

- 'rp //'{;U_mit - Ty
1/ L L i 0.84 - L/ L L imit
% 1.51 — T/ Tinit ' i — /T .
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FIG. 1. Evolution of the temperatures at the center of the plasma
(x = 0), normalized to their initial values, for four protocols: (a)
short linear ramp, (b) long linear ramp, (c) constant adiabaticity
parameter, and (d) optimal. Note that the long ramp case is about
6.5 times longer than the others. Parallel temperatures are shown as
dashed lines, perpendicular temperatures as dotted lines, and total
temperatures as solid color lines. The vertical dashed lines indicate
the protocol duration f,,.

approximately 5 for our range of parameters [13,26], thus
compensating the increase due to the cooling. On the whole,
we use the following effective collision rate, which is con-
stant over the entire process and incorporates both competing
effects: veon/®inie = 0.006.

In the simulations, #, denotes the total duration of the proto-
col. After t = ¢, the code is run for a short time with constant
trap stiffness « (¢,) in order to check the stability of the final
state. We compare the cooling efficiency of four different
protocols [see Figs. 1(a)-1(d), respectively]: a “short” linear
ramp of duration #, = 1 ms, a “long” ramp with #, = 6.4ms, a
protocol with constant adiabatic parameter X (see below), and
our optimal protocol.

The adiabaticity parameter is defined as A(t) =
|o(t)|/w?(t), with A(t) < 1 for an adiabatic process (the
dot denotes time differentiation). It can be shown that,
if w(t) decreases faster than 1/7, then the adiabaticity
condition cannot be satisfied for all times [13]. The case
o(t) = winit/(1 + X winiet ), which yields a constant A, thus
constitutes the fastest possible decrease of the trap frequency
compatible with the adiabaticity condition. This is the case
represented in Fig. 1(c) for A = 0.0525, a value that was
chosen to ensure the corresponding stiffness « (¢) is as close
as possible to the optimal protocol.

Figure 1 shows the evolution of the plasma temperatures—
parallel, perpendicular, and total—for the 4 protocols (the
spatial temperature profiles are shown in Appendix D 2). We
argue that our proposed protocol [Fig. 1(d)] possesses “opti-
mal” physical properties compared with the other protocols
considered in this work. The linear ramp of Fig. 1(a) has
the same duration as the optimal case, but clearly does not
yield a stable plasma, because large temperature fluctuations
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FIG. 2. Evolution of the temperature difference [T, (f)—
T, )]/ Tini; for the four protocols shown in Fig. 1 (same color codes),
as a function of time normalized to the protocol duration f,. The
temperature difference is a measure of thermal equilibration and
adiabaticity.

are observed after the end of the cooling process. The long
linear ramp of Fig. 1(b) is stable and leads to a final tem-
perature similar to the one reached by the optimal protocol,
but requires more than a sixfold increase in its duration. The
case A = const [Fig. 1(c)] is a special one. Being adiabatic for
all times, it can lead to arbitrarily low temperatures, but at a
heavy cost: at the end of the protocol the plasma occupies a
much larger region of space. With the present parameters, the
final extension of the plasma is approximately 300 cm (see
Fig. 3), which is clearly unrealistic for experiments where the
trapping device is at most 10-20 cm long. One could try to
shorten this protocol, but in that case large fluctuations would
appear after f,, similar to those observed in Fig. 1(a). More
details are given in Appendix D 5.

In summary, the three protocols of Figs. 1(a)-1(c) all fail
to produce a final plasma that simultaneously satisfies the

N = O
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FIG. 3. Space-time evolution of the 1D plasma density p(x, t) for
the four protocols studied here: (a) short linear ramp, (b) long linear
ramp, (c) constant-A, and (d) optimal. Note the different scale of the
vertical axis for panel (c). The color bars represent the values of the
plasma density in the normalized units defined in Appendix A.
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FIG. 4. Phase-space portraits of the distribution functions at the
end of the protocol, for the four cases studied here: (a) short linear
ramp, (b) long linear ramp, (c) constant-), and (d) optimal. Note
the different scale of the horizontal (position) axis for panel (c). The
color bars represent the values of the distribution functions, in the
normalized units defined in Appendix A.

following fundamental requirements: (i) stability of the tem-
perature, (ii) short duration of the protocol, and (iii) moderate
volume occupied by the plasma. Only our optimal protocol
[Fig. 1(d)] is capable of achieving a stable plasma, with lon-
gitudinal length <10 cm, within a time of approximately 1
ms; see Appendix D1 for a qualitative comparison of the
protocols according to the above criteria. The optimal proto-
col is also robust against random perturbations, as shown in
Appendix D 6.

During a perfectly adiabatic (infinitely slow) process, the
system is at thermal equilibrium at every instant of time, so
that the parallel and perpendicular temperatures are equal.
Hence, in Fig. 2, we display the temperature difference as a
measure of the adiabaticity of each evolution. As expected,
for the slow linear ramp (blue curve) the two temperatures re-
main close to each other during the whole protocol, signaling
quasi-adiabaticity, while for the fast linear ramp (green curve)
the temperature difference increases. Interestingly, the curves
for the optimal and constant-A protocols are very similar. In
both cases, the plasma is not at thermodynamic equilibrium at
intermediate times: indeed, the parallel temperature decreases
faster due to the plasma expansion, then grows again under the
action of the collisions, finally reaching 7', , as can be seen in
Figs. 1(c) and 1(d). This behavior was already observed in our
earlier work [13]. Such nonequilibrium phase appears to be a
crucial condition to achieve significant cooling in a short time.

In Fig. 3, we show the spatiotemporal evolution of the
1D plasma density p(x,?), evincing the plasma expansion
that is at the origin of the cooling. For the linear ramp cases
[Figs. 3(a) and 3(b)], the expansion occurs mostly near the end
of the process, whereas for the optimal protocol [Fig. 3(d)] the
expansion is evenly distributed along its whole duration. The
constant-A case [Fig. 3(c)] is similar to the optimal one, but
the plasma expansion is much larger (approximately 300 cm),
as anticipated above. The corresponding profiles of the trap
and self-consistent potentials are shown in Appendix D 4.
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Finally, Fig. 4 shows the phase-space portraits at the end of
the protocol, for the same four cases. As expected, the short
linear protocol [Fig. 4(a)] is far from equilibrium at 1 =1,
while the constant-A case [Fig. 4(c)] is very elongated in the x
direction, in agreement with the preceding results. The linear
long [Fig. 4(b)] and optimal [Fig. 4(d)] protocols appear to
produce stable distribution functions, but the optimal protocol
does so in a time that is about 6.5 times faster.

Additional numerical results are shown in Appendix D7
(no collisions, veon = 0), Appendix D 8 (no space-charge, n =
0), and Appendix D9 (evolution of the emittance).

V. CONCLUSIONS

We have presented an optimal-control method to cool down
a non-neutral collisional plasma in a time much shorter than
the time required by an adiabatic process. As in the latter, the
cooling is obtained by decreasing the trap stiffness « () and
letting the plasma occupy a larger volume. We compared our
optimal protocol to three other standard methods to achieve
cooling through expansion: two linear ramp protocols, either
short or long (quasi-adiabatic), which is a common procedure
used in the experiments, and a protocol with a constant adi-
abaticity parameter, for which the trap frequency decreases
as 1/t. Our optimal protocol outperformed all others in terms
of stability, duration of the process, and volume occupied by
the final plasma. This work suggests that the use of optimal-
control techniques may lead to more efficient trapping and
cooling techniques for non-neutral plasmas. This is a par-
ticularly timely issue for the burgeoning field of antimatter
plasmas, which need to be confined and cooled before signif-
icant losses and annihilation occur.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this paper. Requests for further information or data
should be sent to the authors.

APPENDIX A: DIMENSIONLESS PARAMETERS
AND NORMALIZATION

The time-evolution of the non-neutral plasma is described
by the Vlasov-Poisson system (1) and (2). We transform to
dimensionless variables (denoted by an overbar), as follows:

t = wpit, V=0v/vn, X=x/L,

E = eEL/(kgTn), P = pl/N,, f = foml/N,,

where ¢ = vy /winie and vy, = +/kpTinii/m is the initial ther-
mal velocity. Note that, in these normalized variables, it
holds [[ f(x,v,7)dXxdv = [pdx =1 (integrals are from
—00 to +00).

Using this normalization, the Vlasov-Poisson system be-
comes

of  _of - af
Fr +v Vos T (k(t)x —E)_
= Vel f& 0, 7) — [ (% 0, 1), (AD)
E o
e npE,1) (A2)
X

where k(1) = (1) /wh;, = k(1) /Kinits Veoll = Veoll /@init, and

2 2
0= e“o N, _ e“o N, (A3)
MEYVnWinit €0~/ Mkp Tinit Winit

To rewrite the dimensionless parameter 1 in a more trans-
parent way, we define the 3D number density as p3;p =
o1 N,/L, where L is the linear extension of the plasma along
the longitudinal direction x. With this setting, we have

epsp L w, L

megy  Vih Winit

, A4
Winit AD B4)

where we have defined the plasma frequency and the Debye
length as follows:

5 12

€~ P3D

w, = . AD = Vp/wp.
meoy

Hence, there are only three parameters to be specified for a
simulation: K4, = Kfin/Kinit Tin = Tiin /Tinit, and 7. One can
distinguish two physically different regimes, depending on
whether the external harmonic confinement or the Coulomb
repulsion dominates: if 7 < 1, then the trap confinement
dominates, whereas if n >> 1 the Coulomb repulsion domi-
nates.

APPENDIX B: OPTIMAL CONTROL THEORY

In this section, we consider the dimensionless Vlasov-
Poisson (VP) system (Al) and (A2), but drop the overline
for ease of notation. Here, the time-dependent continuous
function «(t) (stiffness of the trap) represents the control
parameter. We prescribe the values of this control at the be-
ginning and end of the cooling protocol. We have

€ (0) = Kinit, K(tp) = Kterm- (B1)

The purpose of the control is to drive the evolution of
the phase-space distribution function from an initial “hot”
equilibrium state fy(x, v) to a colder equilibrium denoted by
Jrarg(x, v). We also require that the control acts with a small
cost, represented by the following cost function:

1
J(f,/():E/ £ 0, v, 1) — frargCx, 0)| dxdv

| dic(r)]?
2 0 dt

where 2 = (—Xmax, Xmax) X (—VUmax> Umax) 1S the integration
domain in the phase space [see Eq. (6) in the main paper].
The minimization of the first integral in J forces the phase-
space distribution at the final time to reach the desired target
state, while the minimization of the last two integrals requires
keeping the cost of the control to a minimum. The weighted
sum of these terms results in a functional representing a
trade-off between these two tasks. Moreover, the choice of
the two weights «; and o, allows one to tune the relative
importance of the two integrals representing the total cost.
In particular, the second integral of the cost (proportional to
o) promotes changes of the control that bring it close to the
given final value «g,, whereas the third integral (proportional
to «p) guarantees that the control is continuous and limits its
gradient.

+—f (1) — gt + 2 d,
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Such an optimal control problem requires the minimization
of J(f, k), where f(x, v, t) is governed by the VP system and
Kk (1) satisfies the constraints (B1). We solve this minimization
problem through the Lagrange approach, which requires the
introduction of a Lagrange multiplier of the same dimension-
ality as the constraint. We denote this Lagrange multiplier
(also called an adjoint variable) with g(x, v, t). Hence, we can
write the following Lagrange functional:

L(fo ks q) =I(f i) + / p / @ f Cr 0, 1) + Lo f(x, v, 1)
0 Q
x q(x, v, t)dxdvdt, (B2)

where L, = v, — [k(t)x — E]9, is the streaming operator.
The next step is to compute the Euler-Lagrange equations,
which are obtained by taking the functional derivatives of
L with respect to the arguments (f, x, ¢) and requiring that
they are zero. The result is the optimality system V,L =0,
VL =0, V,£=0. Note that L, depends on f since the
electric field E is given by

E(x,t)= n/x /OO f(s, v, t)dvds.
0 —00

Taking the derivative of £ with respect to the state variable
f, we obtain the adjoint equation for g, as follows:

8tq(-x7 U, t) - L:q(-xv U, t) = UCOU Q(x’ U, t) - V(-xa t)’ (B3)
oV (x, 1) =nLx,1), (B4)

qx, v, 1) = —F (X, 0, 1) + fiarg(X, V), (B5)

where we introduced the adjoint streaming operator L} =
—L,, and the term

o0
I(x,t) = f O f(x, v, t)g(x, v, t)dv. (B6)
Note that the adjoint model evolves backward in time, start-
ing with a terminal condition at #, that is given by a difference
of phase-space distributions, as in Eq. (B5). However, this
setting hinders the application of the particle method used
in our work, because we need to interpret ¢ as a (positive
definite) density. Therefore, in order to avoid working with
the difference appearing in the terminal condition (BS), we
introduce the following two auxiliary adjoint problems:

—dq1(x, v, 8) + Liqi(x, v, 1)
= V(x9 t) — Veoll CI](X, v, t)’
q1(x, v, 1) = frag(x, V) (B7)

— % qa(x,v,t) + Ligr(x, v, 1)
= —Veoll @2(x, v, 1),

G2(x, v, 1) = f(x, v, 1y). (BS)

If subtracted from each other, the two equations give the
original adjoint equation, and therefore g = q; — ¢, fulfills
Eq. (B3) with terminal condition (B5).

Next, we discuss the derivative of the Lagrange functional
with respect to k. By requiring that it is zero, we obtain the

equation:
d2
o (K (1) — Kin) — Olzd7/€(t)

— // x0, f(x,v,t)g(x, v, t)dxdv = 0. (B9)
Q

This is a second-order differential equation on the time in-
terval (0,1,), with the boundary conditions «(0) = ki, and
Kk (tp) = Kierm- This equation must be satisfied at optimality.
Otherwise, one can prove that the left-hand side of (B9) (the
residual) provides the gradient of the functional J with respect
to k. We denote this residual with V,.J.

Clearly, the functional derivative of £ with respect to
k refers to the Hilbert space with the usual scalar product
of functions defined on (0, #,). This space is denoted with
L*(0, 1p), and the gradient V,J is defined on this space. On
the other hand, our control function is differentiable, i.e., it
belongs to a more regular space.

From the optimization point of view, this means that
we cannot use V,J to update the control function in
a gradient-based iterative procedure, since ™% = k¢ —
V. J (k°') would result in a k"% with lower regularity. Hence,
we need to project our gradient onto the space of differentiable
functions. Using Riesz’s representation theorem, we obtain
this projected gradient W as the solution of the following
boundary-value problem [27]:

2

d
W) = o5 W) = Vi (), (B10)

W(0) = Kinit, "Ij(tp) = Kterm- (B11)

The projected gradient W is then used to update the control as
follows:

K"V = k%) — sW(r),

where s > 0 is the gradient step size. This procedure ensures
that the updated control «™" lives in the correct functional
space and possesses the required regularity.

APPENDIX C: NUMERICAL METHODS

To solve the Vlasov-Poisson system (1) and (2), we employ
a standard particle-in-cell (PIC) method with N, simulation
particles [28,29]. To integrate Newton’s laws of motion in the
streaming part L., we apply the Velocity-Verlet scheme [24].

To reconstruct the full distribution function f(x,v,?),
which is required for the optimization procedure, we use
a finite-volume discretization in the phase space [30]. For
this purpose, we consider the computational domains €2, =
[—Xmax> Xmax] for position and €, = [—Vmax, Umax] for veloc-
ity, where xpm,x and vy, are chosen sufficiently large such
that the distribution function f can be considered zero at the
boundaries along the evolution. We split €2, and €2, in N,
and N, volumes, respectively. Furthermore, we split the time
interval [0, ,] into N, subintervals of length At.

To implement the collision term, we use a rejection-free
method for the BGK operator [31]. Specifically, we calcu-
late the number of particles N, that undergo, on average,
a collision event within one time step, as Neoit = 2 Veont At Np.
Then, we randomly select Ny particles and re-initialize their
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TABLE I. Physical parameters expressed in the normalized units
defined in Appendix A.

Symbol value Symbol value
Kinit 1 Tinie 1
Kterm 0.015 Tiin 0.1
Umax 10 Xmax 150
n 2.27 Veoll 0.006

TABLE III. Comparison of the different protocols in terms of
three criteria: plasma length, protocol duration, and temperature fluc-
tuations. Failure to comply with these criteria is highlighted in red.

Optimal Lin. short Lin. long Const. A
Length [cm] 10 10 10 300
Duration [ms] 1 1 6 1
Fluctuations Low High Low Low

velocities randomly according to the normal distribution,

2
FUx, v, 1) = p(x, 1) exp (—M(v — u) )
V2kgTy /m 2kpT

where u(x,t) = ff(x, v,t)vdv/p(x,t) is the mean velocity
in the x direction. This procedure ensures that (in the absence
of any other terms) the temperatures equilibrate exponentially
with a rate equal to vq.

To solve the adjoint equation in the form of Egs. (B7) and
(B8), we apply an operator splitting technique. For each ad-
joint equation, we split the time-step process into solving the
streaming terms and the source and sink terms separately. For
the former, we adapt the standard methods used for the Vlasov
equation [32]. For the latter, we add or subtract particles as
follows: Given a total amount of available particles N, to be
added or subtracted, in the case of Eq. (B7) we add to ¢; a
fraction of N, particles at each point of the phase space only if
V is positive; furthermore, we subtract a number of particles
proportional to v g1. Similarly, in the case of Eq. (B8), we
subtract from ¢, a number of particles proportional to v 2.

To solve the system (B10) and (B11) for the gradient, we
employ a finite-difference approximation, and the resulting
tridiagonal system is solved using the Thomas algorithm [33].
To solve our optimal control problem, we employ a nonlinear
conjugated gradient method using the Fletcher-Reeves for-
mula for the step-direction update [23].

We have run our optimization procedure with the data
presented in Tables I and II (all parameters are expressed
in the normalized units defined in Appendix A), using a
linear-in-time control as the initial guess for the optimization
procedure.

APPENDIX D: ADDITIONAL NUMERICAL RESULTS

In this section, we present some additional numerical tests
and results that complement those provided in the main text.

TABLE II. Numerical parameters.

Symbol value Symbol value
N, 5% 103 At 0.25
N 600 Ax 0.5
N, 40 Av 0.5
N, 10*

1. Qualitative comparison of the protocols

As explained in the main text, an “ideal” cooling proto-
col should satisfy a number of conditions: (i) short duration,
(i1) low-temperature fluctuations at the end of the proto-
col, and (iii) moderate length of the plasma. These three
requirements are summarized in Table III for the four pro-
tocols considered in the present work. It clearly appears
that only our optimal protocol satisfies all these criteria
simultaneously.

2. Temperature profiles

In Fig. 5, we show the longitudinal temperature profile
for the optimal case at different times. Halfway through the
protocol, the profile becomes uniform across the length of
the plasma. We recall that the perpendicular temperature is
assumed to be uniform in the model.

3. Influence of the weights in the cost function

The cost function J to be minimized includes two free
parameters «; and oy, see Eq. (6) in the main text. These
parameters act as weights for the control terms: the larger
they are, the more stringent the two constraints. In the main

1 1
| 7TH(1> *T”(.’E)
081 ‘H 0.8
0.6 ‘ 0.6
0.4 ‘ | 0.4
02 i 0.24 fe s
/| | \
0 \ —l ; 0 — T ——
-6 -4 -2 0 2 4 § -6 -4 -2 0 2 4 6
position z [cm| position 2 |cm|
(a)t=0 (b) t =tp/2
1
0.8+
0.6
0.4+
0.2 ﬁwwdm
S N N
—-6 -4 =2 0 2 4
position z [cm]
(c)t=tp

FIG. 5. Longitudinal temperature profiles at different times, for
the optimal protocol.

035208-7



BARTSCH, BORZI, HERVIEUX, AND MANFREDI

PHYSICAL REVIEW E 114, 035208 (2026)
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(a) Protocol stiffness
19 —0.125
—05
0.8 L
4
— 38

total temperature

time ¢ [ms]

(b) Total temperature

FIG. 6. (a) Protocol stiffness and (b) total temperature, normal-
ized to their initial values, for different weights (o, o;), obtained
by multiplying the values used in the main paper, (o, ;) =
(107, 0.1), by the factors indicated on the figure.

text, we took a; = 10~*, which is a compromise between
computational speed and accuracy in reaching the target
state, and ap = 0.1, a choice that prevents large gradients
in the control. Here, we check the stability of the proce-
dure by multiplying both «; and «; by the same numerical
factor in the range [0.125-8]. All other parameters are left
unchanged.

The results for the optimal protocols and the total tem-
perature evolutions, shown in Fig. 6, demonstrate that the
optimization procedure is rather stable against variations of
these parameters.

4. Plasma density and potentials

In Fig. 7 (top panel), we plot the electrostatic, trap,
and total potentials at the end of the optimal protocol. We
note that the self-consistent electrostatic potential is approx-
imately parabolic, similarly to the trap potential, but with
opposite concavity, reflecting the repulsive character of the
Coulomb interaction. The parabolic shape is in accordance
with the approximately flat plasma density, as seen in Fig. 7
(bottom panel).

0.2
3 --- electrostatic
»0-15 trap
= —total
é 0.1
oo
0.05
-6 -4 -2 0 2 4 6
position z [cm]
10°
t=0
— t=t,
101
2
‘2107
3
10°;
4
= A

position z [cm]

FIG. 7. (top panel) Electrostatic (dashed blue line), trap (dot-
dashed orange line), and total (black solid line) potentials at the end
of the protocol (¢ = t,,), normalized to kpTiy . (bottom panel) Corre-
sponding plasma density at the initial and final times, normalized so
that max p(x,0)=1.

5. Constant-)A protocols

The adiabaticity parameter A(¢) is defined as

a(t)
w?(1)

k()
243 (1)

Al) =

; (D1)

and should be small for an adiabatic protocol. The constant-A
protocol corresponds to the following expression for the trap
frequency:

Winit

() = ————,
®© 1 4+ Awinict

(D2)
where we take A = 0.0525 as in the main text (with this
value of A, this protocol is very close to the optimal one). In
Fig. 8, we show the temporal behavior of A(¢) for the different
cooling protocols considered in the main text.

A crucial property of the constant-A protocol is that, in
contrast with our optimal protocol, the final value of the trap
stiffness « (¢,) cannot be fixed a priori, but rather depends on
the protocol duration £, as is clear from Eq. (D2). Hence, the
constant-A protocol cannot control the final plasma extension,
which depends directly on the trap stiffness. This is a funda-
mental limitation, as we show in the next paragraphs.

For a constant-A protocol duration of #, = 1 ms, similar to
that of our optimal protocol, we obtain the final stiffness given
in Table IV(a). As discussed in the main text, this protocol
yields very low values of the final temperature [see Fig. 9(a)
below], but at the prohibitive cost of having a final plasma
extension close to 300 cm, as seen in Fig. 10(a), which is
experimentally unrealistic.
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TABLE IV. Constant-A protocols with A = 0.0525 and different
protocol durations #,. The tables give the final stiffness, temperature,
and plasma length.

(@), =1ms

K (tp)/ Kinit 0.00035

T(1,)/T(0) 0.035

Plasma length 300 cm
(b) t, =0.2 ms,

K(tp)/Kinit 0.00502

T(1,)/T(0) 0.44

Plasma length 20 cm
(©)t, =0.1 ms,

ke () / Kinit 0.0175

T(1,)/T(0) 0.5

Plasma length 3.6 cm

To limit the length of the plasma, one could reduce the pro-
tocol duration, taking for instance f, = 0.2 ms ort, = 0.1 ms,
as in Tables IV(b) and IV(c). In these cases, the plasma
lengths become 20 cm and 7.2 cm, respectively, as shown in
Figs. 10(b) and 10(c). However, for these protocols, the final
plasma is not stable: its temperature increases significantly
after the end of the protocol and displays large oscillations,
as seen in Figs. 9(b) and 9(c). The same outcome would
have been observed by keeping the same £, but reducing the
adiabaticity parameter A.

We conclude that the constant-A protocols—being unable
to control the final length of the plasma—do not constitute a
viable alternative to our optimal protocol.

6. Test case with noisy control

To check the robustness of our optimal control strategy, we
add some random white noise to the optimal control param-
eter «*(t). Specifically, we draw random numbers r,, from
a normal distribution with zero mean and standard deviation
o, € (0, 1) and add them to the optimal control to obtain the
“noisy” control k,:

Ka(t) = k™ ()1 + 15,).

] — optimal
10_2 J ----constant, A=0.0525
E --- linear short .
—~< ]
1073+
1074+

0 02 04 06 08 1
time ¢ [ms]

FIG. 8. Evolution of A(z), on a semilogarithmic scale, for the
optimal protocol (solid red line), the short linear protocol (dashed
green line), and the constant-X protocol (dash-dotted blue line).
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o
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0.8 '-.» L/ L1 nit 0.8 | 1/ L it
; T/ Thnit | T/ Tiuie
0.6- — /it 0.6 L K/ R
| i
|
L

041 i T
} "9 ‘,:,‘,'.:‘f""\"}) 1
02 e
0- 7\‘7 ‘ : \,'m";;“ »\J‘;. 4 04 T - : ; 7‘
0 02 04 06 08 1 0 01 02 03 04 05
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(a) tp = 1 ms (b) tp = 0.2 ms
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- | L/ L L init
0.8 i N T/ Tiuit
0.6 "‘: ey 7 ’{/’ﬂ:i.n'u
041} |
0.2 el
.
0 |

0 005 0.1 015 0.2 0.25
time ¢ [ms]

(¢) tp = 0.1 ms

FIG. 9. Evolution of the normalized temperatures and stiffness,
for the three protocols of Table IV.

We then consider different levels of noise o, (see Fig. 11).
For noise levels up to 5%, the control appears to be robust.
Moreover, for noise levels below 1%, we see almost no change
in the behavior of the temperature compared with the zero-
noise case presented in the main paper.

109 T 109,
i t=0 ] t=0
1 — t=¢ 1 — t=¢,
107 ° 107 °
1072 1072
1073; 1073;
_41 T v T 1 _41 T T T J
107780 —%0 0 90 180 0275 55 ol 55 11.0
position x [cm] position x [cm]
(a) tp = 1 ms (b) tp = 0.2 ms
10°;
i t=0
1 — t=¢
10_1’3 £
10_2'E
1073;
_41 T ¥ T
1004 -2 0 2

position x [cm]

(c) tp = 0.1 ms

FIG. 10. Plasma densities att = 0 and ¢ = #,, normalized so that
max p(x, 0) = 1, for the three protocols of Table IV.
X
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' == T/ T imit === T/ Ty init
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AN
4
29
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0 02 04 06 08 1 0 02 04 06 08 1
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(a) on =0.01 (b) o = 0.05
L,
=Ty /T mie
0.8 T /T L init

0 \ \ \ \
0 02 04 06 08 1
time ¢ [ms]

(¢) on =0.1

FIG. 11. Evolution of the temperatures for noisy optimal pro-
tocols. The relative amplitude of the noise is (a) o, = 0.01,
(b) 0, = 0.05, and (¢) o, = 0.1.

7. Test case without collisions

We have performed a test with no collisions, i.e., veop = 0
in Eq. (Al). In this case, there is no mechanism coupling
the parallel and perpendicular temperatures. The perpendic-
ular temperature remains unchanged, while the parallel one
decreases very efficiently, because it is not restrained by the
coupling to the perpendicular reservoir. However, such a case
is not realistic, because the isotropizing collisions do play a
significant role for the type of plasma considered here. The

related numerical results for an optimal protocol are plotted in
Fig. 12.

8. Test case without self-consistent fields

If we turn off the space charge, i.e., consider the case n = 0
in Eq. (A2) (all other parameters being unchanged), there is no
Coulomb repulsion between the particles. Hence, the distribu-
tion function in the phase space remains essentially Gaussian.
In this case, the observed temperature decrease, shown in

1

3 1.50
0.8 3
0'671. =Ty /T imit i 1.00
R Ty /T uie i
041 1, |
0.24 % — K/Kini optimal i 0.50
e -l
0 02 04 06 08 1 2 0
(a) time ¢ [ms] (b) position & [cm]

FIG. 12. Test-case with no collisions. (a) Evolution of the tem-
peratures and trap stiffness. (b) Phase space at the end of the protocol.

1+
T||//FFP| init
A A R S 1/ 1 it
08 - T/Tinit
0.6+ - /f/’finit

1 Nisn.
(Ve TP
L Y e S

0 02 04 06 08 1
time ¢ [ms|

FIG. 13. Test-case without space charge: Evolution of the tem-
peratures and trap stiffness.

Fig. 13, is significantly smaller, with the final temperature
reaching only Ty, ~ 0.35T;,;. This is probably due to the fact
that the self-consistent Coulomb repulsion, which is absent
here, favors the plasma expansion and hence the cooling ef-
fect. Indeed, the plasma extension is only approximately 1
cm in this case (see Fig. 14), as opposed to approximately
10 cm when the Coulomb repulsion is included.

1.0 10 9

T
= 05
= 0.8
i 0.0
g 0.4
< —05
—-1.0 0.0
l-1.0 05 00 05 1.0
position z [cin]
1.0 1.5
0.5
3.0
0.0
A 1.5
—0.5
-1.0 0.0

-1.0 05 00 0.5 1.0
position z [cm]

(b) t=1tp

FIG. 14. Test-case without space charge: (a) initial and (b) fi-
nal phase-space distributions.
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FIG. 15. Emittance for different cooling protocols, as a function
of time.

9. Emittance

In the field of charged-particle beams, the emittance is
a commonly employed quantity to characterize the area
occupied by the beam in the phase space. However, emit-
tance and temperature describe different physical properties

despite both reflecting a form of spread in the particle dis-
tribution. Temperature quantifies the mean kinetic energy
per particle associated with random motion and is well de-
fined only near thermodynamic equilibrium. Emittance, in
contrast, measures the phase-space area occupied by a beam
and incorporates spatial extent, momentum spread, and their
correlations. Emittance characterizes beam quality rather than
thermodynamic state, and cannot in general be interpreted as
a temperature.

In the present context (cooling of a non-neutral plasma),
we are mainly interested in the temperature. However, for
completeness, we include in Fig. 15 some results on the
emittance. While the temperature decreases for all the pro-
tocols considered in the main text, the emittance is found to
grow in all cases. The largest increase is observed for those
protocols (optimal and constant-A) that reach the lowest final
temperature.

Here, the emittance ¢ is defined as [see Ref. [34], Eq. (11)]:
e = (0,0, — 02)"?, where

S5
Y YaXw

N, N2

Oxy =

3

and all sums are performed for the N, particles in the beam,

e, Yx=Y0" x.
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